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1.  General  Discussion. 

A continuous  production  process  results  in  a sequence  of  units  of 
product  each  of  which  is  classified  as  either  defective  or  non-defective . 
The  production  process  may  or  may  not  be  in  a state  of  statistical  control* 
but  in  either  case  it  is  desired  to  inspect  the  finished  product  in  order 
to  (a)  improve,  when  necessary,  the  quality  of  the  outgoing  product  by 
removing  and  replacing  the  defective  units  found  and  (b)  get  an  estimate 
of  the  quality  of  the  product  for  control  purposes. 

When  the  cost  of  inspection  compared  with  the  cost  ox  production  is 
low,  and  the  tests  made  during  inspection  are  not  destructive,  100  percent 
inspection  of  the  product  may  be  feasible,  though  not.  always  desirable. 

But  when  inspection  costs  are  high  or  the  testa  destructive,  recourse 
mat  be  had  to  sampling  inspection.  If  this  is  done,  the  goal  can  no 
longer  be  perfect  product.^  Instead  the  goal  becomes  tolerable  product. 
VJhat  constitutes  tolerable  product  depends  on  the  problem.  For  example, 
the  consumer  of  the  product  might  be  employing  a lot— by-lot  acceptance 
inspection  procedure  for  judging  the  quality  of  the  product  submitted  to 
him  by  the  producer.  In  that  case  the  producei-  might  employ  the  same 
definition  of  acceptable  quality  as  that  inherent  in  the  consumer's 

. / 

— , This  is  cot  to  imply  that  100  percent  inspection  always  yields  perfect 
material.  Experience  shows  that  the  magnitude  of  such  a task  usually 
results  in  inefficient  and  careless  inspection  performance. 


inspection  scheme.  Alternatively,  the  producer  himself  might  also  be 
the  consume p,  in  which  case  quality  will  be  defined  by  the  use  to  which 
the  product  is  put. 

Sampling  inspection  for  quality  control  imp2J.es  therefore  that  the 
user  of  the  inspection  scheme  has  in  mind  sores  number  which  he  considers 
a desirable  upper  limit  to  the  fraction  defective  remaining  in  the  product- 
after  inspection.  This  upper  limit  is  known  as  the  Average  Outgoing 
Quality  Limit,  usually  abbreviated  by  the  letters  AOQL.  The  concept  of 
an  AOQL  is  basic  in  all  inspection  schemes  for  quality  control.  There 
is  however  another  concept  which  plays  an  important  role  in  determining 
a particular  inspection  plan  and  that  is  the  standard  deviation  of  the 
out-going  quality  (OQ).  This  standard  deviation  measures  the  variability 
of  the  fraction  defective  remaining  in  the  product  after  the  inspection 
urocedure  has  been  applied.  The  importance  of  this  concept  arises  from 
the  fact  that  the  decision  to  inspect  or  not  to  inspect  a certain  portion 
of  the  product  100  percent  is  made  on  the  basis  of  a random  sample. 

Since  the  result  of  a sample  is  subject  to  fluctuation,  the  decision  is 
not  always  correct.  Hence  the  actual  fraction  defective  remaining  in  a 
lot  after  a single  inspection  may  be  larger  or  smaller  than  the  AOQL  even 
though  the  average  fraction  defective  (taken  over  many  inspected  segments 
of  product)  is  guaranteed  not  to  exceed  the  AOQL.  The  standard  deviation 
of  the  sample  OQ  measures  the  extent  of  the  deviations  from  the  average 
that  may  be  expected. 

An  inspection  plan  of  the  type  discussed  here  is  often  applied  to 
a croduet  which  is  considered  to  be  of  acceptable  quality  before  inBwtir. 
In  such  a case,  it  is  desirable  to  permit  the  inspection  to  go  on  for  an 
indefinitely  long  time  without  any  decision  being  reached.  This  is 
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particularly  true  if  the  plan  can  detect,  quickly  deterioration  in  the 
product  during  an  inspection  operation,. 

The  proposed  plan  was  developed  to  meet  the  need  for  an  improved 
sample  verification  plan  for  controlling  the  quality  of  card-punch 
operations  of  the  Foreign  Trade  Division  of  the  Bureau  of  the  Census 
while  the  author  was  in  the  employ  at  that  Bureau.  The  plan,  which  has 
been  put  into  operation  by  the  Foreign  Trade  Division,  has  the  advantage 
that  its  statistical  basis  and  consequences  are  known,  and  the  procedure 
insures  a reasonable  efficiency  at  low  cost.  Although  this  plan  was 
developed  for  the  above  purpose,  it.  is  equally  applicable  to  industrial, 
problems  having  similar  properties.. 

» 

2.  How  the  Inspection  Plan  Operates. 

The  inspection  plan  under  consideration  is  defined  by  the  three 
integers  m,  N,  and  k and  the  positive  fraction  — the  AOQL.  The  integers 
m and  N jointly  define  the  criterion  for  terminating  inspection  and  making 
the  appropriate  decision.  The  reciprocal  of  the  integer  k defines  the 
partial  sampling  ratio  employed.  The  AOQL  represents  tho  upper  limit  to 
the  outgoing  quality  desired.  The  plan  operates  as  follows: 

The  units  of  product  m the  production  sequence  (or  lots)  are  divided 
into  segments  of  size  k..  Inspection  begins  by  selecting  at  random  one 
item  from  each  consecutive  segment  of  k items.  These  items  are  inspected 
in  sequence  and  the  number  of  defectives  found  as  well  as  the  number  of 
items  examined  is  cumulated.  Inspection  terminates  when,  and  only  when, 
the  cumulative  number  of  defectives  reaches  m„  At  this  point,  the  size 
of  the  sample  n is  compared  with  the  integer  N.  If  r.  > N,  the  product 
which  has  passed  through  inspection  is  considered  acceptable  and  tne 


inspection  procedure  is  repeated  on  new  product  beginning  with  the  segment 

next  to  the  last  segment  inspected.  If,  on  the  other  hand,  n < N,  the 

product  which  passed  through  inspection  is  considered  unacceptable  and 

t-he  following  actions  are  taken:  (a)  N-n  segments  (corresponding  to 

fc(N-n)  items)  are  inspected  100  percent.  These  segments  are  selected 

from  the  product  beginning  with  the  segment  adjacent  to  the  last  segment 

partially  inspected;  (b)  the  inspection  procedure  is  repeated  on  new 

material,  beginning  the  inspection  with  the  segment  following  the  last 

segment  which  wa3  100  percent  inspected. 

In  mathematical  symbols  the  criterion  for  making  a decision  under 

this  plan  is  as  follows:  Let  x^,x2,..., , represent  the  quality  of  the 

items  selected  from  the  first,  second,  etc.  segment.  Thus  x^  * 1 if 

the  item  selected  from  the  itn  segment  is  found  defective  and  x^  * 0 

otherwise.  The  cumulative  number  of  defectives  at  the  n 3tage  of 

n 

inspection  is  given  bv  x. . Inspection  terminates  as  soon  as 
n i=l  1 

J>  x.  * in.  If  n > N,  the  inspection  procedure  is  repeated  on  new 

r=i  1 

material.  If,  however,  n < N,  then  N-n  segments  of  size  k are  inspected 
100  percent,  and  the  inspection  procedure  is  repeated  on  new  material. 

It  can  be  proved  by  metnods  similar  to  those  employed  in  [1]  and 
[2]  that  whether  or  not  the  production  is  in  a state  of  statistical 
control,  the  outgoing  quality  of  the  product  after  this  inspection 
procedure  has  been  applied  cannot  exceed  — ^ on  the  average.  (This 
assumes  that  the  defectives  found  during  partial  inspection  are  also 
removed  and  replaced  by  non-defectives.  If  this  is  net  done  the  AOQL 
will  equal  m/N . ) 


2.1  Procedure  for  mmpioying  Reduced  and  Strict  Partial  Inspection. 

:7ith  any  plan  there  is  a minimum  amount  of  inspection  which  cannot 


be  avoided  regardless  of  the  quality  of  the  product.  This  minimum  is 
defined  by  the  partial  sampling  rate  employed.  If  the  quality  of  the 
product  is  subject  to  variation,  a method  for  automatically  adjusting 
the  partial  sampling  rate  to  the  defective  rate  in  the  product  is  given 
by  reduced  and  strict  partial  sampling.  This  procedure  can  be  briefly 
described  as  follows: 

As  before,  the  plan  is  defined  by  the  integers  a and  N and  by  the 
AOQJL.  but  instead  of  one  sampling  rate,  two  are  employed,  mat.  is,  two 
integers  and  are  chosen  with  > k^  and  the  sequence  of  product 
is  divided  into  either  segments  of  size  k.,  or  k?  depending  on  whether 
reduced  or  strict  inspection  is  called  for,  respectively. 

Inspection  begins  with  strict  inspection.  1'iiat  is,  one  item  is 
chosen  at  random  from  each  consecutive  segment  of  k^  items  and  the  number 
of  defective  items  found,  a3  well  as  the  number  of  items  sampled,  is 
cumulated.  Inspection  terminates  when  and  only  when  ns  defectives  have 
been  found.  If  m defectives  have  been  found  with  a sample  size  n N, 
the  inspection  procedure  is  repeated  on  new  material,  but  with  the  re- 
duced sampling  rate,  that  is,  the  sequence  of  items  is  now  divided  into 
segments  of  k-,  items  eacn  and  partial  inspection  consists  of  selecting 
and  examining  one  item  out  of  each  segment.  If,  however,  m defectives 
have  been  found  with  a sample  s^.e  n < N,  the  following  actions  are  taken 
(a)  a batch  of  k,>(N-n)  consecutive  items  is  completely  inspected.  This 
batch  is  selected  from  the  product  beginning  with  the  segment  adjacent 
to  the  last  segment  partially  inspected;  (b)  the  inspection  procedure 
is  repeated  on  r.es  material,  beginning  with  the  segment  following  the 
last  segment  that  was  inspected  100  percent. 


-fa- 
in the  second  and  subsequent  inspection  operations  , a decision  is 
always  made  when  (but  not  before)  m defectives  have  been  found.  If 
reduced  inspection  was  in  effect  and  the  sample  size  was  n < N.  a batch 
of  k^(N-=n)  items  is  completely  inspected  and  the  inspection  procedure  is 
repeated  on  new  material  but  the  sampling  rate  is  changed  from  reduced 
to  strict.  If  reduced  inspection  was  in  effect  a* i the  sample  size  was 
a > K , the  inspection  procedure  is  wwst.pri  on  new  material  at  the  reduced 
sampling  rate.  If,  however,  strict  inspection  was  in  effect  and  the 
sample  size  was  n < N,  a batch  of  k0(N-n)  items  is  completely  inspected 
and  the  inspection  procedure  repeated  on  new  material  at  the  strict  sampl- 
ing rate.  If  strict  inspection  was  in  effect  and  the  same  size  was  n N, 
the  inspection  procedure  is  repeated  but  at  tho  reduced  sampling  rate. 
Whenever  m defectives  are  found  and  the  sample  size  is  n > N,  the  inspec- 
tion procedure  is  repeated  on  new  material  employing  a reduced  sampling 
rate  regardless  of  the  sampling  rate  in  effect  in  the  operation  just 
preceding. 

The  criterion  for  employing  either  reduced  or  strict  inspection  can 
be  summarized  briefly  as  follows:  Whenever  an  inspection  operation 

terminates  and  100  percent  inspection  of  some  material  is  called  for,  it 
also  calls  for  strict  inspection  to  follow.  Conversely,  if  no  100  percent 
inspection  is  indicated,  then  reduced  inspection  is  to  follow. 

It  is  easily  seen  that  when  the  material  submitted  for  inspection  is 
of  good  quality,  the  partial  sampling  rate  will  most  often  be  reduced, 
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most  often  be  strict.  This  will  have  the  effect  f reducing  the  cost  of 
inspection  when  inspection  is  least  needed  and  reducing  the  variability 
of  the  sample  OQ  when  such  a reduction  is  of  significance. 
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3 . How  the  Constants  Defining  the  Plan  are  Determined. 

It  was  mentioned  above  that  the  inspect? on  plan  is  based  on  the 
integers  m.  N,  and  k,  and  the  AOQL.  Not  all  of  these  constants  can  be 
chosen  at  will.  For  example,  the  AOQL  is  a direct  function  of  m,  N,  and 
k and  is  given  by 


AOQL 


k-1  m 
k * N * 


Thus,  if  the  AOQL  is  fixed,  the  constants  n,  N,  and  k arc,  at  least  in 
part,  also  determined  by  it.  Unless  the  constant  k is  very  small,  the 
AOQL  is  hardly  affected  by  variations  in  it.  Thus,  in  many  cases  it  will 
be  found  that  for  all  practical  purposes  fixing  the  AOQL  fixes  the  ratio 
of  m to  N,  and  conversely. 

If  the  production  process  is  in  a state  of  statistical  control,  or 
if  the  defectives  within  the  lots  submitted  for  inspection  are  distributed 
in  a random  manner,  the  frequency  with  which  decisions  are  reached  as 
well  as  the  type  of  decision  made  /.’ill  depend  upon  m and  N but  not  on 
the  partial  sampling  rate.  In  addition,  as  was  seen  above,  the  constants 
m and  N essentially  uetermine  t ?ig  Thus,  regardless  of  how  the 

defectives  arc  distributed  in  the  sequence  of  the  product  inspected,  if 
the  average  fraction  defective  contained  in  the  product  exceeds  the  AOQL, 
the  resulting  outgoing  quality  will  depend  largely  on  the  values  of  m 
and  N.  However,  this  is  not  to  imply  t'-'nt  the  constants  m and  N are  the 
only  determining  factors  in  the  operation  of  the  plan.  The  value  assigned 
to  k will  often  play  just  as  significant  a role  in  determining  the  con- 
sequences of  the  plan  and  for  the  following  reasons: 

One  objective  of  ar.  intelligently  designed  inspection  plan  is  to 
supply  current  and  adequate  information  on  the  quality  of  the  product  for 
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process  control  purposes.  This  sets  a limit  on  the  value  of  k.  For  if 
k is  very  large,  inspecting  one  unit  out  of  each  segment  of  k units  may 
not  supply  the  information  necessary  to  quickly  detect  assignable 
variations  in  the  production  process-  Another  consideration  is  related 
to  the  sample  OQ  among  the  lots  inspected.  Even  though  the  plan  guarantees 
that  the  fraction  defective  in  the  product  after  inspection  will  not 
exceed  the  AOQL  in  the  long  run,  the  long  run  may  be  very  long  indeed  if 
k is  very  large.  A.  third  factor  which  delimits  the  value  of  k is  connected 
with  the  cost  of  inspection.  From  the  point  of  view  of  the  operation  of 
the  plan,  inspect! on  has  a two-fold  purpose.  One  Is  to  obtain  information 
for  making  decisions.  This  is  accomplished  through  the  process  of  partial 
inspection.  The  other  purpose  is  to  reduce  the  number  of  defectives  if 
the  sample  judges  it  to  be  inure  then  tolerable.  This  is  accomplished 
through  the  100  percent  inspection  procedure.  Generally  speaking,  if  the 
defective  rate  in  the  material  is  substantially  higher  than  the  AOQL,  the 
total  amount  of  inspection  will  on  the  average  be  no  greater  than  that 
required  to  accomplish  this  reduction.  But  i f the  quality  of  product 
submitted  for  inspection  is  of  acceptable  quality  to  begin  with,  no 
reduction  in  the  fraction  defective  is  required  and  any  inspection  is  in 
a sense  wasteful.  Thus,  even  though  the  plan  will  in  such  cases  most 
often  require  only  partial  inspection,  the  cost  of  inspection  may  be  un- 
necessarily high  if  k is  small.  The  above  considerations  are  the  most 
important  in  determining  k. 

There  are  several  considerations  involved  an  the  choice  of  the  AGQL — 
the  desired  upper  limit  to  the  outgoing  quality.  Generally  speaking,  the 
stricter  the  standard  set,  the  greater  will  be  the  cost  of  inspection 
required  to  attain  it.  If  nothing  ia  known  about  the  production  process 
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and  protection  5s  sought  for  every  possible  eventuality,  only  cost  con- 
sideration can  enter  into  the  choice  of  the  ACX*Le  However,  often  ip- 
formation  which  delimits  the  fraction  defective  inherent  in  the  process 
will  be  available.  In  that  case,  it  will  be  uneconomical  to  set  the 
AOQL  at  a desired  low  level  and  nay  for  protection  against  an  event 
which  is  not  expected  to  occur  very  often. 

It  must  be  emphasized  mgr  in  that  one  major  purpose  of  inspection 
is  to  obtain  information  on  the  production  process.  Thus . even  if  such 
information  is  not  available  at  the  start,  the  inspection  plan  should  be 
designed  to  supply  it  and  should  be  modified  accordingly. 

k.  Operating  Characteristics  of  the  Plan. 

In  Section  3 an  attempt  was  made  to  describe  briefly  the  various 
considerations  involved  in  the  choice  of  a particular  plan  of  the  type 
under  discussion.  It  was  found  that  the  construction  of  a plan  necessarily 
involves  a coc^promise  between  the  goal  aimed  at  and  the  cost  of  attaining 
t-hat  goal.  In  order  to  bring  cut  more  clearly  the  issues  involved,  a 
more  detailed  study  of  the  statistical  consequences  of  the  plan  is  required. 
Such  a study  will  be  undertaken  in  this  section. 

i . 1 The  Operating  Characteristic  ( OC ) Curve  for  the  Flan . 

In  the  plan  under  consideration  the  criterion  for  making  a 
decision  to  inspect  or  not  to  inspect  product  100  percent  is  given  by  the 
two  integers  m ara  N.  The  type  of  decision  reached  will  depend  of  course 
on  the  results  of  the  sample  randomly  selected  from  each  of  the  segments 
into  which  the  production  has  been  divided.  Since  a decision  is  always 
reached  when  the  number  of  defectives  found  equals  m,  knowing  the  prob- 
ability of  reaching  one  of  the  two  decisions  determines  the  probability 
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of  reaching  the  ether.  Purely  as  a convention,  therefore,  the  probability 
considered  here  will  refer  to  the  decision  not  to  inspect  any  product  iOO 
percent.  This  is  equivalent  to  the  probability  that  when  m defectives 
have  been  found,  the  sample  size  n is  greater  than  or  equal  to  N.  The 
magnitude  of  this  probability  will  depend  on  the  values  of  m and  N and 
on  the  quality  of  the  product  submitted  for  inspection. 

The  fact  that  the  sample  is  selected  in  a stratified  manner  will  in 
some  situations  impose  serious  difficulities  in  determining  Luc  probability 
of  reaching  the  designated  decision.  Such  difficulties  will  arise,  for 
example,  in  cases  where  the  production  process  is  not  stable  and  the 
inspection  procedure  is  applied  to  the  production  sequence  in  the  order 
in  which  the  items  are  produced.  The  probability  under  consideration  will 
in  that  case  generally  be  a function  of  n parameters,  namely,  the  fractions 
defective  in  each  of  the  n segments  accumulated  up  to  the  point  where  m 
defectives  are  found.  The  large  number  of  parameters  involved  will  make 
the  computation  of  this  probability  impractical  and  of  dubious  value. 

If  the  production  process  is  in  a state  of  statistical  control, 
however,  the  above  mentioned  difficulties  do  not  arise.  For  in  that  case 
the  probability  depends  only  on  the  fraction  defective  yielded  by  the 
process.  This  dependence,  moreover,  can  be  easily  exhibited  and  computed 
without  much  difficulty. 

The  relationship  between  the  fraction  defective  p and  the  probability 
that  a given  inspection  will  terminate  and  no  complete  inspection  will  be 
required  will  be  designated  by  the  symbol  i(p).  When  L(p)  is  plotted 
against  p,  the  resulting  curve  is  known  as  the  Operating  Characteristic 
(OC)  Curve. 
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The  functional  relationship  between  L(p)  and  p is  given  by  the  equation 


(4.1.1) 


L(p) 


,N-1<.  m N-a 
(m-l'p  q 


2_  < i )p  q 

j-0  “ 


-L-J 


The  first  expression  on  the  right  of  (4.1.1)  represents  the  probability 
that  n > N and  the  second  expression  represents  the  probability  that 

n - 

Ao  na5  stated  above  ohis  pi.aii  was  developed  to  institute  a more 
efficient  sampling  inspection  plan  for  controlling  errors  in  card-punch 
operations.  Knowledge  of  the  operations  was  such  that  it  was  known  that 
the  average  error  rats  would  almost  never  exceed  2 percent,  and  that  the 
production  process  was  stable.  For  these  reasons  the  AOQL  was  set  high 
enough  that  an  amount  of  inspection  disproportionate  to  the  number  of 
errors  expected  to  be  found  would  not.  be  required  by  the  plan.  The  upper 
limit  of  the  AuQ  was  set  at  ..03 SO  even  though  a percentage  error  of  this 
size  was  not  expected.  It  was  also  decided  that  the  proauct  would  be 
subject  to  strict  and  reduced  partial  inspection  according  to  the  quality 
of  output  of  the  individual  operators.  Integers  chosen  to  determine  the 
plan  were  m • 16,  N * 400,  * 50,  and  k?  - 20.  Figure  1 illustrates 

the  0C  curve  of  this  plan. 


4 . 2 The  Average  Outgoing  Quality  (AOQ,  Curve. 

The  average  proportion  of  defective  items  remaining  in  the 
product  after  the  inspection  plan  has  been  applied  to  products  of  quality 
p is  a function  of  p,  L(p),  the  expected  value  of  n,  and  the  conditional 
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expected  value  of  n given  that  n *5.  N.  As  a function  of  p-  the  ACQ  vri.ll 
be  written  as  Q(p).  W«  shall  designate  by  E(njp),  E^(n|p),  and  E^(n|p), 
respectively , the  expected  value  of  n for  a given  p,  the  conditional 
expected  value  of  n given  that  n > N,  and  the  conditional  expected  value 
of  n given  that  u < N.  The  relationship  between  E(njp),  E..(n|p),  and 
£2(11  jp)  is  given  by 


i-Nt?  l.si 
\r/4  ~ 


I 1— T ( nl  'lE  CniDJ 
'*  ' • r 


whore  L(p)  is  given  in  (4.1.1), 


(4.2.2)  S(njp)  - S 


(4.2.3) 


w- 


E1(njp)  - 


fi  (j)pJq 

m ,1“0  ^ 

P m-1 


(Nr1)pjqN_1_J 

j=*0  J 


and 


(4.2.4) 


E (n  |„)  - S -f 

< 1 p m-l 


a - f 

12-J. 


(1  - Z.  (N:1)PjqN-1-j 

j-0  J 

Graph?  of  the  quantities  E(njp),  E-^n  Jp),  and  E2(n jp)  for  the  plan  with 
m * 16,  N ■ 400,  and  AOQL  = .0380  are  given  in  Figure  2. 

In  terms  of  the  above  quantities,  the  AOQ  function  Q(p)  is  given  by 

<4-2-5)  Q(p)  • ktE(nipy'.p^i(fS(N'E2!„jPn 


m mrntm 


msiuy 


Cwraa  Representing  E(nlp),  E^(n|  p)  and  KjCnjp)  for  an  Inspection  Plan 
Defined  by  a - 16,  N - AGO 
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where  k^  or  may  be  substituted  for  k depending  upon  the  sampling  rate 
employed . The  Af.Q  curve  for  the  design  m * 16,  N * 400,  AOQL  » .0380, 
and  k ■ 20  is  illustrated  in  Figure  3.  It,  will  be  noted  from  the  graph 
that  the  AOQ  curve  is  monotonically  increasing  and  approaches  rapidly 
the  AOQI.  This  is  a general  property  of  this  function,  as  can  be  seen 
from  a careful  examination  of  (4.2.5). 

It  was  pointed  out  above  that  the  product  inspected  might  be  sub- 

tc  strict  urd  ; nl  H«r*.  Ardent  unnn  t.h*»  on**! *?  t.rr 

*j  “ w* r — “ *•  — « * » 

of  the  product.  If  the  two  sampling  rates  for  reduced  an~  strict  inspec- 
tion are  k,  and  k..,,  the  Q(p)  function  is  given  by  (4.2.5)  with  k replaced 
by  E(k|p;  where 


(4.2.6) 


E(k 


p)  3 


L(p)k. 


(1-I.(p))k2  . 


It  should  be  pointed  cut  tnut  when  strict  and  reduced  partial  sampling 
rates  are  employed,  the  resulting  AO^L  is  that  of  the  strict  partial 
inspection  rate.  Thus,  for  example,  if  m * i6,  N * 400,  and  k * 50,  the 
= ix  k * , tne  kuul  — uu^cuj  uuu  i , r^uuCcu  cU...  strict 

partial  inspection  sire  employed  with  = 50,  k0  = 20,  we  have  A0QL  = .0380. 
The  reason  that  this  smaller  value  is  attained  is  clear  since  q.5  tilt?  pro- 
duct deteriorates , we  tend  tc  be  operating  with  strict  partial  inspection* 

A graph  of  the  Q(p!  function  for  m * 16 , K = 400,  - 50,  &uu  k_  - 20  is 

also  given  in  Figure  3. 


4.3  The  Average  Fraction  Inspected  Curve. 

**•*  * - - -4-*  . „ _** ) _ ..  - d J , 4-  -T 

Hit?  lilOptUOi.t/11  piau  uuuvi  tutiuiuui  iviuu 


product  by  a screening  process  whereby  the  defective  items  found  are 
replaced  by  nou-uefective  items.  Since  the  aim  is  to  attain  a given  A0QL, 


a «*  vjQri  i. 


t . . t r 


Average  Outgoing  Quality  Q(p)  Curves  for  Inspection  Plane  Defined  by 


it  follows  that  the  pooler  the  quality  of  the  submitted  product,  the  greater 
is  the  fraction  of  the  material  inspected,  on  the  average.  The  average 
fraction  inspected  under  a given  plan  as  a function  of  p will  be  designated 
by  F(p)  and  is  related  to  the  function  Q(p)  by  the  following  formula: 

(4.3.1)  F(p)  “ 1 - = 

From  the  point  of  view  of  cost  of  inspection,  an  efficient  inspection 
plan  has  the  property  that  for  p v-  AOQL,  F(p)  is  equal  to  the  partial 
sampling  rate,  i,e_,  F(p)  * i/V.  and  for  n > AOQL,  Q(p)  = AOQL  so  that 
bn 6 iFdCt»ion  insp  v cied  ic  exactly  equal  to  what  is  required  to  bring  the 
product  to  the  desired  limit..  The  plan  under  consideration  does  not 
■satisfy  thi3  condition  of  efficiency  exactly,  but  comes  close  lo  it  for 
reasonable  values  of  a,  ",  ar.d  k.  The  average  fraction  inspected  curve 
for  the  design  m * 16,  N - 400,  A0QL-=  .0380,  and  k «*  20  is  given  in 
Figure  4.  The  curve  for  the  same  values  of  m,  N,  with  k = 50  and 
AOQL  - .0392  as  well  as  for  the  design  m =*  16,' N •*  400,  AOQL  * .-0380, 
k-^  * 50,  and  k0  ■ 20  are  a}.so  given. in  Figure  4. 

4.4  Variance  of  the  Sample  AOQ. 

The  plan  under  consideration  is  defined  by  these  constants  k, 
m,  and  N.  However,  the  only  quantity  that  is  fixed  by  design  is  the  AOQL 
which  is  essentially  the  ratio  of  m to  N.  Thus,  in  addition  to  requiring 
a given  AOQL,  we  night  impose  other  conditions.  For  example,  suppose  we 
consider  the  variance  of  the  outgoing  quality  Q from  lot  to  lot  where  a 
lot  is  defined  in  the  following  manner:  If  n < N,  the  lot  consists  of 

the  y ■ kN  items  subject  to  partial  and  complete  inspection.  If  n > N, 
the  lot  consists  only  of  the  first  N segments  (of  k * kN  items)  subject 


.-S-:  >***■  * 


to  partial  inspection,  (It  will  be  observed  that  by  this  definition  of 


} 


th*  lot,  whenever  n > K,  k(n-N)  items  are  not  included  in  the  computation 
of  the  variance  of  the  outgoing  quality.  However,  the  event  n > N will 
generally  occur  when  the  quality  is  good,  in  which  case  omission  of  part 
of  the  product  from  the  consideration  of  the  variance  s my  not  be  very 
serious.)  Then,  ii  tna  production  process  is  in  control,  we  might  require 
that  ths  variance  of  the  outgoing  quality  of  the  lots  shall  not  exceed  a 
given  nunber  for  some  specified  value  of  p,  say  the  AGQi..  Alternatively, 
the  constants  may  be  chosen  so  that  the  maximum  value  of  ths  variance  shall 
not  exceed  a specified  number.  When  the  process  is  in  control,  the  variance 

A 

of  Q in  a lot  of  size  M of  the  type  defined  above  is  given  by 


(4.4.1) 


2 

0"a 

Q 


pq(k-l)E*(njp)  ♦ (k-l)2p2cr-2 


.2 


where 


(4.4.2) 


/ i * 1 

E vn|p; 


m~l 


- (a  - (m-j)(I?)p'5qN  J) 


J-0 


sind 


(4.4.3)  - E* [n(n*l)  |p J-E*[n  |p)+l J 

Td.th 

(4.4.1+)  E*[n(n+1)  |p]  - ~ (m(nrl)  - 2_  Lm(m+1  )-J ( j-1) j (N^1)p° qN+:L~^ ) 

vn  ■;  san  J 

The  graph  of  cr^  for  the  plan  m = 16,  N = 400,  A0QL-  . 0'j BO , and  k * 20  is 

r\ 

given  in  Figure  5,  The  graph  for  the  same  values  of  m and  *J,  but  with 
AOQL  * .0352,  k - 50  is  al«o  given  in  Figure  5.  We  observe  that  the  maximum 
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~ -n 


A 

standard  deviation  for  Q for  each  of  thess  two  plan3  is  approximately  .0093 
and  .0095,  respectively. 

Even  if  the  production  process  is  not  in  control,  various  reasonable 
models  of  the  possible  distribution  of  defectives  among  the  segments  of 
size  k in  the  lota  niay  be  constructed,  and  either  the  variance  or  an  upper 

A 

limit  for  th6  variance  of  Q obtained  as  a function  of  the  pa  'ameters  k,  m, 

! and  N.  For  example,  one  model  which  appears  reasonable  is  to  assume  that 

11 J X J __  J A. J 2 XI V-  1 X J X . ......  4. 
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but  that  the  position  of  the  clusters  in  the  lot  is  random.  The  degree 
of  clustering  within  the  segments  into  which  the  lot  is  divided  may  be 
measured  by  the  intraclass  correlation 


N 

(P-S  “i 


P) 


.1 


(4.4.5) 


P " 

v 


k-i  i^r  Pi^ 


K 


where  the  p^’s  are  the  fraction  defective  in  the  segments  of  size  k,  and 
p is  the  average  X r«C  VxOH  -iCicCtivC  xil  Lriiw  lot.  when  each  p^  is  either 

A 

0 or  I,  1 and  the  variance  of  Q in  that  case  is  zero.  When  all.  the 

p.j  ’3  are  equal  to  the  fixed  average  p,  ^ takes  on  its  ndnimum  value 
- But  it  can  be  shown  that  when  P is  a minimum,  the  variance  of 

K— X ^ 

A _ # A * 

Q is  a maximum.  Thus  the  variance  of  Q in  this  special  case  gives  a 
convenient  upper  bound  for  the  variability  of  the  outgoing  quality  even 
if  the  production  process  is  not  in  statistical  control.  Moreover  the 
variance  of  ^ in  this  special  case  is  confutable  and  is  given  by 


(4.4.6) 


2 2 2 / 2 . | 2 , i o i 

2 k P cr^+UK-i)p  tn  (njp))  -2kpi;(i,anjp)+E(drJp) 
$ U2 
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2 * x 

where  cr^  and  E (n  p)  are  given  by  (4.4.3/  aau  ( 4.4.2),  respectively, 

is  the  total  number  of  defectives  found  in  the  partial  inspection  of 

the  lot,  i.e.,  d_  - n for  n < N and  d_  **  0,1, ...,m  for  n * N, 

’ ' n n 


(4. 4.7)  E(nd  to)  - *E*(«!p)-H  (m-j)(^)p^qN“^ 

nl  ' '5=6  J 


and 


(4.4.8)  E(d^|p)  • vf  - (m2-j2)(  j)p^qN'^  . 

.1-0 

The  graph  of  the  standard  deviation  for  the  worst  possible  distribution 
of  the  defectives  for  the  plan  m * 16,  N - 400,  k * 20,  and  AOQL  “ .0380 
is  given  in  Figure  6.  Tha  graph  fur  the  same,  values  of  » and  N,  AOyL  ,Q392 
and  k » 50  is  approximately-  the' same  as  this  one. 


4. 5 Variance  of  Sample  Fraction  Inspected. 

The  fraction  of  material  inspected  in  a lot  of  size  kN  during  a 
single  inspection  operation,  both  partial  and  complete,  is  given  by 


(4.5.1) 


F * 1 


k N 


where  n is  the  number  of  segments  partially  inspected  within  the  lot.  It 
may  be  of  interest,  therefore,  to  see  how  variable  the  inspection  load  is 
as  a function  of  the  production  quality  p.  This  is  measured  by  the  variance 

A 

of  V and  is  clearly  given  by 


(4.: 


2 , k-l\2  °“n 

~ ‘ k ' ,t  2 


where  cr ^ is  given  in  equation  (4.4.3 ).  The  graph  of  the  standard  deviation 
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for  a ” 16,  K “ 400,  AOQL  * =0330,  k ■ 20  is  given  in  Figure  7.  The 
corresponding  graph  for  a ■ 16,  Z!  - 400,  ICQ!-  ■ =0392,  k * 50  is  also 
given  in  Figure  7. 

L. 6 Estimation  of  the  Process  Average. 

As  a sa  previously  indicated,  a continuous  sampling  inspection 
plan  aims  to  accomplish  two  objectives,  (1)  to  improve  the  quality  of 
product  through  a screening  process,  and  (2)  to  supply  information  for 
qxiality  control  purposes.  It  is  probably  most  often  the  case  that  the 
best  way  to  improve  the  quality  of  the  product  is  to  do  it  by  quality 
control  before  the  product  is  manufactured  rather  then  by  screening  after 
the  product  is  manufactured,  to  supply  current  information  m the  quality 
of  the  manufactured  product  requires  an  satinets  of  tbi  process  average. 
The  aanpiiug  plan  under  consideration  gives  two  type*  of  information, 
that  obtained  from  partial  inspection,  ?rd  that  obtained  from  IOC  percent 
inspection  when  this  is  required.  It  is  clear  that  tuv  j ^formation 
obtained  from  partial  inspection  gives  a more  representative  picture  of 
the  quality  of  the  product  and  we  propose  to  base  our  estimate  of  p en- 
tirely on  this  information. 

When  partial  inspection  terminates,  the  number  of  defectives  obtained 
is  necessarily  m,  a constant.  The  only  random  variable  involved  is  n, 
the  number  of  segments  partially  inspected.  There  are  two  possible 
estimates  of  p based  on  til33S  QU&i'ivlt>i65  m and  n = One  estimate  is  given 
by 

(4.6=1)  p ' ~ = . 

m n 

This  estimate  is  biased  with  an  expectation  given  by 
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The  bias  of  this  estimate  is  always  positive  but  approaches  eero  with 
large  values  of  m.  A graph  shoeing  E(£m)  as  a function  of  p for 
m * 2,3,4,  and  5*  la  given' in  figure  8.  This  estimate,  though  biased, 
is  probably  good.  Unfortunately,  no  one  has  as  yet  obtained  the  variance 
of  it.  An  unbiased  estimate  of  p for  the  plan  under  consideration 
originally  suggested  by  J.  B.  S.  Haitians  [3]  is  given  by 


(4.6.3) 


A Iu— X 

Pa  " n-1 


The  variance  of  this  estimate  is  known  and  is  given  in  closed  form  by 

(4.6.4)  J - pq  . ? (f)r  * log  pi 

p H r-1  r p 

m 

The  variance  of  the  same  quantity  was  obtained  by  Haldane  as  the  following 
infinite  series  which  may  be  more  convenient  for  computational  purposes. 


(4.6.5) 


E_a  n + 2ia  + 
m ^ mti  (m+lj 
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...] 
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The  graph  of  the  variance  of  p for  m - 2,3,4,  and  5 i«  <*«' 
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Figure  9-  - 

4.7  Continuous  Inspection  Flan  for  Fixed  Lot  Sls.es. 

Often  the  product  submitted  lor  continuous  inspection  comes  in 
naturally -formed  lots  of  size  M,  and  it  may  be  desirable  to  complete  an 
inspection  operation  with  each  lot.  The  plan  previously  discussed  can  be 
easily  modified  to  accomplish  this. 
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The  lot  of  product  of  size  M is  divided  into  N segments  of  k items 
each.  The  partial  and  complete  inspection  procedure  .is  identical  with 
that  previously  described  except  that  now  if  fewer  than  m.  defective  items 
are  four*!  in  If  segments,  inspection  terminates  and  begins  anew  on  a new 
lot.  It  follows  therefore  that  whenever  100  percent  inspection  is  called 
for,  the  two  presedvires  are  identical.  The  preoent  procedure  differ- 
from  the  preceding  only  if  fewer  than  ai  defectives  are  found  in  N segments. 
In  the  former  case  partial  inspection  terminates  while  in  the  latter  c&3e 
it  goes  on  until  m defectives  are  found.  The  AGCSL  for  this  plan  is  still 


I 


(4.7.1) 


AOQL 


k-1  a 
k * N 


However,  the  AOQ  function  la  somewhat  different  and  is  given  Hr 


(4*7,2) 
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A careful  inspection  will  show  that,  the  variances  cf  Q g^ven  in 
-joaticno  4.4.1  and  h.4.6  as  well  as  the  variance  for  "F  in  4.5*2  are 
precisely  the  variances  for  the  case  under  consideration.  Thus,  these 
formulas  can  be  used  to  compute  the  vaiianco  of  the  sample  outgoing 
quality  and  fraction  inspected  for  controlled  production,  and  an  upper 
bound  fer  the  variance  of  the  sample  outgoing  quality  in  the  general 
case  for  tnis  plan. 

For  the  present  case,  an  unbiased  estimate  of  tne  let  fraction 
defective  'eased  on  the  information  irom  partial  inspection  is  given  by 


(4*7,3) 
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in  ease  m defectives  ire  found  during  partial  inspection  of  the  lot  and 
if  d defectives  are  found  with  d < a,  it  is  givm  by 

(4.7*4)  p - d/N  d - 0,l,...,m-l  . 

In  conclusion  I wish  to  express  ay  indebtedness  to  A.  Wald  and 
J.  iTolfcwitz  [2]  as  well  as  to  H.  F.  Dodge  [AJ,  [5j  from  who«a  many  of 
the  ideas  contained  herein  have  been  borrowed.  I also  wish  to  thank 
Jack  J.  Ingram  of  the  Bureau  of  the  Census  and  P.02  edit v Sitgreaves  of 
the  Applied  Mathematics  end  Statistics  Laboratory  of  Stanford  for  the 
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